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Abstract
The stability of “visible” electroweak-type cosmic strings is investigated in an extension
of the Standard Model by a minimal dark sector, consisting of a U(1) gauge field, broken
spontaneously by a scalar. The “visible” and dark sectors are coupled through a Higgs-
portal and a gauge-kinetic mixing term. It is found that strings whose core is “filled” with
a dark scalar condensate exhibit better stability properties than their analogues in the
Standard Model, when the electroweak mixing angle is close to θW = pi/2. They become
unstable as one lets θW approach its physical value. The instability mechanism appears
to be a W boson condensation mechanism found in previous studies on the stability of
electroweak strings.
Cosmic strings are expected to form due to spontaneous symmetry breaking, and have
been the subject of vigorous research ever since their first proposition [1, 2, 3, 4, 5]. Since
cosmic strings are relics of the phase transitions in the early universe, they may be viewed as
a link between high energy physics and cosmology. They are expected to contribute to the
anisotropy of the cosmic microwave background [2, 4, 5, 6] and structure formation [2, 7, 8].
At a lower energy scale, electroweak strings may also manifest themselves observationally by
creating a primordial magnetic field and play a role in baryogenesis [9]. Cosmic strings exist
generically in spontaneously broken gauge theories, the prototype being the Abrikosov-Nielsen-
Olesen (ANO) string in the Abelian Higgs model [10, 11]. ANO strings can be embedded in
the Glashow-Salam-Weinberg (GSW) theory [GSW theory, with its parameters assuming their
physical values is the electroweak sector of the Standard Model (SM)] [12, 13, 9].
An important criterion for the relevance of such objects is their stability. In the electroweak
theory, embedded cosmic Z-strings are known to have a domain of stability [12, 13, 9]. However,
it has been found [9, 14, 15, 16, 17], that for physical values of the parameters (more specifically,
the electroweak scale, W, Z and Higgs masses), embedded ANO-string solutions are unstable.
The mechanism of the instability is rather transparent in the θW → π/2 limit (semilocal model)
[18, 19, 20], in which the Z boson and the Higgs-doublet decouple from the rest of the electroweak
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theory. The “extra” Higgs component condenses into the false vacuum, and thus the string
unwinds, the flux is pushed away to infinity.
In theories extending the Standard Model, the possibility arises to “fill up” the core of the
string, thus preventing the formation of condensates therein. In Ref. [21], this possibility has
been considered in the case of the semilocal model coupled to a dark sector, and a significant
enhancement of the stability properties of the string solutions has been found due to the Higgs
portal coupling [22, 23] and to gauge kinetic mixing (GKM) [24]. In the present paper, we shall
extend this study to the full GSW model coupled to a dark sector.
At this point the following mechanisms for the stabilisation of electroweak strings should be
mentioned: additional scalar fields bound in the string [25], the interplay of quantum fluctua-
tions of neutrinos and deformations of the string [26, 27, 28, 29, 30], quantum fluctuations of
an additional heavy fermion doublet coupled to the string [31, 32], interaction with a thermal
photon bath [33], and special couplings (of the dilatonic type) [34].
The model of dark matter we shall consider here is the unified dark matter model put forward
in Refs. [35, 36], in which it is assumed that in the dark sector there are gauge interactions, the
gauge group contains a U(1) factor, which is broken by a dark Higgs field. The dark and the
visible sectors interact via the Higgs portal coupling [22, 23] and the GKM [24]. A subset of
this model is the scalar phantom dark matter [22, 23], in which dark matter is scalar, and there
is no dark sector gauge field; in this case the dark scalar may have a zero vacuum expectation
value. The parameters of the latter model are strongly restricted by observations [37, 38, 39].
In the present paper, we consider the case of a non-zero dark scalar vacuum expectation value.
For information on experimental constraints on dark matter, see Ref. [40], and in particular,
for constraints on the GKM and additional scalar fields, Refs. [41] and [42], respectively.
In the model considered, there exist dark string solutions, i.e., string solutions where the
flux is of the dark U(1) interaction, and the dark scalar has a non-zero winding [43, 44, 45, 46,
47, 48, 49, 50, 51]. Similar solutions in a U(1) × U(1) theory for higher windings have been
considered in Refs. [52, 53], and an earlier work on string solutions in a portal type theory is
Ref. [54]. In these works, the strings have a non-zero winding in the dark sector. Dark strings
in these models are stable, however, their interactions with the visible sector and their string
tension is determined by the (yet unknown) parameters of the dark sector.
The complementary case, in which the flux is in the visible sector, and the role of the dark
matter is to stabilise the string, yields a string tension determined by the electroweak scale,
and interactions mostly determined by the electroweak parameters.
The semilocal limit of the theory is a generalisation of the Witten model [55], and the
string solutions considered in Ref. [21] are embeddings of the solutions previously found in
Refs. [56, 57, 58, 59]. (Similar and quite interesting string solutions were found in a condensed
matter setting, in Refs. [60, 61].)
In the present paper, we consider the stability of electroweak-dark strings. We find that the
enhanced stability due to the Higgs portal and the GKM couplings found in Ref. [21] in the
full GSW theory coupled to a dark sector only persists to a parameter range of the full theory
rather close to the semilocal limit, there extending the domain of stability to MH/MZ > 1
(up to MH/MZ ∼ 1.4), in contrast to electroweak strings. However, this occurs for parameters
disfavoured by experiment, when the dark scalar and the dark Abelian gauge boson are not
heavier than their visible counterparts. We obtain the domain of stability of electroweak-dark
strings for various parameter combinations, as well as the dependence of the strength of the
instability on the parameters of the dark sector and the strength of the couplings between the
visible and the dark sectors. Our analysis builds upon the results of Refs. [44], [17].
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The plan of the paper is as follows: we summarise the main characteristics of the model
considered in Sec. 1, including the particle content of the model, and the relation among
the parameters and the particle properties, based on Ref. [44]. Electroweak-dark strings are
introduced in Sec. 2, their stability analysis is performed in Sec. 3, and we conclude in Sec. 4.
Some details of the calculations are relegated to Appendix A.
1 The model considered
We shall consider here string solutions in the GSW model coupled via gauge kinetic mixing
[24] and the Higgs portal [22, 23] to a dark sector. The dark sector shall be considered in
the unified dark matter model of Refs. [35, 36, 43]. From the full SM Lagrangian, the terms
corresponding to the field that assume non-trivial values in the solutions considered are the
electroweak (GSW) and dark sector Abelian gauge terms,
LG = −1
4
W aµνW
µνa − 1
4
YµνY
µν − 1
4
CµνC
µν +
sin ε
2
CµνY
µν , (1)
where W , Y , and C denote the visible sector non-Abelian, Abelian, and the dark sector gauge
field strengths, expressed with their respective gauge vector potential asW aµν = ∂µW
a
ν −∂νW aµ+
gεabcW bµW
c
ν , Yµν = ∂µYν−∂µYν , and Cµν = ∂µCν−∂νCµ. The fields W aµ , Yµ and Cµ are referred
to as visible SU(2), U(1) and dark U(1) gauge fields. In the gauge field part of the Lagrangian,
Eq. (1), ε is the gauge kinetic mixing [24, 47]. Its sign is chosen in agreement with Ref. [21]
(and opposite to that of Ref. [44]).
Space-time (Greek) indices assume values µ, ν = 0, . . . , 3 whereas the internal [SU(2)] indices
a, b, c = 1, 2, 3. We shall consider the metric (+,−,−,−) and εabc is the Levi-Cività symbol.
The scalar sector of the theory consists of the electroweak and the dark Higgs scalars,
coupled to their respective gauge fields,
LS = DµΦ†DµΦ + D˜µχ∗D˜µχ− V , (2)
where Dµ and D˜µ denote the gauge covariant derivatives, DµΦ =
(
∂µ − ig2W aµτa − ig
′
2
Yµ
)
Φ
and D˜µχ =
(
∂µ − igˆ2Cµ
)
χ, † denotes adjoint (transposed complex conjugate) and ∗ complex
conjugate, and τa are the Pauli matrices in internal (isospin) space. The potential is
V = λ1(Φ
†Φ− η21)2 + λ2(|χ|2 − η22)2 + λ′(Φ†Φ− η21)(|χ|2 − η22) . (3)
The Lagrangians (1) and (2) reflect the symmetries of the model in a manifest form. On the
other hand, the particle content of the theory is better expressed with the so-called physical
fields, for which, see Subsec. 1.1.
1.1 Particle content and physical parameters
Let us briefly consider the particle content and the parameters of the theory, following the
analysis in Ref. [44].
To identify physical degrees of freedom, one needs to introduce new fields with the trans-
formation 
 YµW 3µ
Cµ

 = M

AµZµ
Xµ

 , (4)
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where the (non-unitary) matrix of the transformation is
M =

cW −sWcζ sWsζ + tεcζsW cWcζ −cWsζ
0 sζ/cε cζ/cε

 , (5)
where cW = cos θW, sw = sin θW, and where θW is the Weinberg angle, tan θW = g′/g, cε = cos ε,
sε = sin ε, tε = sε/cε, cζ = cos ζ , and sζ = sin ζ . The angle ζ is defined by
tan 2ζ =
2 sin θW sin ε cos ε
R2 − 1 + sin2 ε(1 + sin2 θW) , (6)
and R = gˆη2/(g¯η1) and g¯ =
√
g2 + g′2.
In what follows, we shall denote the middle line of the matrix M by ~α, i.e.,
W 3µ = α1Aµ + α2Zµ + α3Xµ , α1 = sw , α2 = cW cζ , α3 = −cW sζ . (7)
In the new variables, the gauge Lagrangian can be recast as
LG =− 1
4
FµνF
µν − 1
4
ZµνZ
µν − 1
4
XµνX
µν − 1
4
W˜µνW˜
µν
− gW˜ 3µνW µ1W ν2 − gW˜ 1µνW µ2W ν3 + gW˜ 2µνW µ1W ν3
− g
2
4
(W aµW
µa)2 − g
2
2
W 3µW
µ3W aνW
νa +
g2
4
W aµW
a
νW
µbW νb − g
2
2
W 3µW
3
νW
µaW νa ,
(8)
where in Eq. (8) a = 1, 2 and W˜ aµν = ∂µW
a
ν − ∂νW aµ (i.e., the linear part of the field strength
tensor). Eq. (8) shows that the transformation (4) results in decoupled kinetic and mass terms
for the new vector fields Aµ, Zµ, and Xµ.
In the scalar sector, the particles correspond to amplitude fluctuations of the Higgs field
assuming a vacuum expectation value (φ2) and, similarly, amplitude fluctuations of the dark
scalar χ [44]. Here we convert the formulae of Ref. [44] to our notations for convenience. The
scalar mass matrix in the basis of the fields h =
√
2(|φ1| − η1) and s =
√
2(|χ| − η2) in the
Lagrangian (2) is (
m2
H
2λ′η1η2
2λ′η1η2 m2S
)
,
where m2
H
= 4λ1η
2
1 and m
2
S
= 4λ2η
2
2 . The physical fields φH, φS are rotated at an angle φs,(
h
s
)
=
(
cos θs sin θs
− sin θs cos θs
)(
φH
φS
)
(9)
and the scalar mixing angle is given as
tan 2θs =
4λ′η1η2
4λ2η22 − 4λ1η21
(10)
The corresponding eigenvalues (squared scalar masses) are
M2
H
= m2
H
− (m2
S
−m2
H
)
sin2 θs
cos 2θs
,
M2
S
= m2
S
+ (m2
S
−m2
H
)
sin2 θs
cos 2θs
.
(11)
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For more details, see Ref. [44].
The couplings of the physical fields are calculated in Ref. [44]; which are reproduced here
with the replacement ε→ −ε (for agreement with Ref. [21]):
gAφ+ = e ,
gZφ+ = cζ
e
2
(
1
tW
− tW
)
+ sζ
e
2
tε
cW
,
gXφ+ = cζ
e
2
tε
cW
− sζ e
2
(
1
tW
− tW
)
,
gAH = 0 ,
gZH = −cζ e
2
1
sWcW
+ sζ
e
2
tε
cW
,
gXH = cζ
e
2
tε
cW
+ sζ
e
2
1
sWcW
,
gAS = 0 ,
gZS = sζ
gˆ
2
1
cε
,
gXS = cζ
gˆ
2
1
cε
.
(12)
The gauge covariant derivatives of the scalars expressed with the physical gauge fields and
the couplings from Eq. (12) are
DµΦ =
(
(∂µ − igAφ+Aµ − igZφ+Zµ − igXφ+Xµ)φ1 − ig√2W+µ φ2
(∂µ − igAHAµ − igZHZµ − igXHXµ)φ2 − ig√2W−µ φ1
)
, (13)
where W±µ =
1√
2
(W 1µ ∓ iW 2µ ), gAH = 0, and
D˜µχ = (∂µ − igASAµ − igZSZµ − igXSXµ)χ . (14)
Note, that gAS = 0, i.e., the dark scalar is indeed dark.
The vector boson masses are
M2
W
=
g2η21
2
, M2
Z
= 2g2
ZH
η21 + 2g
2
ZS
η22 , M
2
X
= 2g2
XH
η21 + 2g
2
XS
η22 . (15)
For more details, see Ref. [44].
The g → 0 (θW → π/2) limit is referred to as the semilocal limit; in particular that limit
of the model is the semilocal-dark model. In this limit, the non-Abelian gauge field decouples,
and the SU(2) symmetry becomes global.
1.2 Values of model parameters considered
The parameters of the visible sector, the electroweak parameters have been determined to a
high accuracy [40]. In what follows, for a solution to be considered physical, setting electroweak
parameters (W and Z masses, electric charge, and Weinberg angle) to their physical value is
considered necessary.
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The dark sector gauge MX and scalar MS masses are experimentally bound to be larger
than their visible sector counterparts, to avoid abundant dark decays, unless the coupling
between the visible and dark sectors is extremely weak. The scalar mixing angle θs is largely
unconstrained as long as the dark sector particles are heavy enough [35, 36].
For observational bounds on the model parameters, see Ref. [41] for those on the GKM,
Ref. [42] for those on the scalar sector, and Ref. [40] for a review. For our purposes, it shall be
sufficient to know, that for MX < 200GeV, |ε| . 0.03 (and for a large part of the dark gauge
boson mass range, |ε| . 10−3), and that |θs| < π/2. For heavy dark sector particles, the model
is largely unconstrained [44].
1.3 Rescaling
For simplicity sake, we shall also rescale the coordinates and the fields as Φ → η1Φ, χ → η1χ
and xµ → xµ/(gZHη1). All gauge couplings will be rescaled by a factor of gZH , i.e., one shall
perform the replacement η1 → 1, η2 → η2s = η2/η1, gZH → 1, gXH → gXHs = gXH/gZH ,
etc. We shall introduce the notation β1,2 = 2λ1,2/g2ZH and β
′ = λ′/g2
ZH
, the analogues of the
Ginzburg-Landau parameter β = MH/MZ in the GSW model. When no confusion is possible,
the subscript “s” shall be dropped.
The rescaled parameters β1,2 and β ′ (coefficients of the quartic terms in the rescaled poten-
tial) play somewhat analogous roles in the radial equations of cylindrically symmetric strings
as the ratio of the scalar and the vector masses in the Abelian Higgs and semilocal models, and
the ratio of the Higgs and Z boson masses in the GSW model, β = MH/MZ, which we shall
refer to as the Ginzburg-Landau parameter. For the coupled electroweak-dark sector, no such
simple relation between the mass ratio and the rescaled potential parameters is known.
2 Electroweak-dark strings
The ANO-string [10, 11] is a well-known cylindrically symmetric solution of the Abelian Higgs
model, in which the scalar field has a winding number n, the gauge field has a non-vanishing
radial component, and the resulting string or flux tube contains n flux quanta.
The ANO string can be embedded in the GSW theory by assuming that the component of
the Higgs field having non-zero expectation value in the vacuum has a winding, and the flux is
in the Z field. Using cylindrical coordinates r, ϑ, z, the Ansatz
φ2 = f(r)e
inϑ , Zϑ = nz(r) , (16)
describes a cylindrically symmetric vortex string (or flux tube) centred on the z-axis, with n
flux quanta[2, 3, 9].
The unified dark matter model [35, 36] extends the GSW model with a dark sector, con-
taining a Higgs field χ and an additional U(1) gauge field. The Ansatz (16) is accordingly
extended, preserving cylindrical symmetry, as
χ = fd(r) , Xϑ = nx(r) , (17)
where the fields Z and X are the physical fields obtained from a combination of Y and X.
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2.1 Radial equations of the vortex solutions
Plugging in the Ansatz (16), (17) into the field equations yields the radial equations,
1
r
(rf ′)′ = f
[
n2(1− z− gXHx)2
r2
+ β1(f
2 − 1) + β ′(f 2d − η22)
]
,
1
r
(rf ′d)
′ = fd
[
n2(gZSz− gXSx)2
r2
+ β2(f
2
d − η22) + β ′(f 2 − 1)
]
,
r(z′/r)′ = 2f 2(z+ gXHx− 1) + 2gZSf 2d (gZSz+ gXSx) ,
r(x′/r)′ = 2gXHf
2(z+ gXHx− 1) + 2gXSf 2d (gZSz+ gXSx) ,
(18)
where a prime on the radial functions (but not on the constant β ′) denotes d/dr, and r denotes
the (rescaled) radial coordinate. Note, that without the dark sector, one would get the ANO
vortex [10, 11] embedded in the Z field.
The energy density of a field configuration within the Ansatz (16), (17) is
E =n
2
2
[(
z
′
r
)2
+
(
x′
r
)2]
+ (f ′)2 + (f ′d)
2
+
n2(1− z− gXHx)2f 2
r2
+
n2(gZSz− gXSx)2f 2d
r2
+ V ,
(19)
where V = β1(f 2−1)2/2+β2(f 2d−η22)2/2+β ′(f 2−1)(f 2d−η22) with βi = 2λi/g2ZH and β ′ = λ′/g2ZH ,
is the (rescaled) potential. The energy within a given radius is E(r) = 2π
∫ r
0
Erdr.
2.2 Electroweak, semilocal, and dark strings
In the Abelian Higgs model, ANO strings are topologically stable. Note, that for embeddings of
ANO strings to an enlarged model, new instabilities may arise which excite the additional fields,
therefore embedded ANO vortices, may become unstable. Semilocal strings given with Ansatz
(16) in the semilocal model correspond to embedded ANO strings. Their stability depends
now on the Ginzburg-Landau parameter. For β < 1, the simplest n = 1 semilocal strings are
stable, and become unstable for β > 1 [19, 20, 9]. The mechanism of the instability is that a
condensate of the other Higgs component, φ1 forms in the core of the string, and eventually
dilutes the flux.
In the GSW model, strings within the Ansatz (16) are referred to as electroweak strings
or Z-strings. Their stability depends on the parameters of the model. They are stable for
β = MH/MZ < 1 and for values of the Weinberg angle θW close to π/2; i.e., they are only stable
close to the semilocal limit [14, 15, 16, 17]. The mechanism of the instability is unwinding
through the condensation of Higgs and W bosons in the string core.
In the model outlined above and its semilocal (θW → π/2) limit, string solutions with
winding in the dark sector have been considered in Refs. [43, 49, 50, 51]. These strings are
topologically stable. Their energy scale is determined by the scale of the symmetry breaking
in the dark sector, which is presently to a large extent unconstrained by measurement.
The scale of strings in the visible sector, within the Ansatz (16) and (17), is the electroweak
scale. This is the main motivation behind the search for mechanisms stabilising electroweak
strings. Besides, as the mechanism behind the instability is the formation of condensates in
the string core, the idea arises naturally to look for other fields which may fill up the core, thus
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preventing the instability. In Ref. [21], this idea has been considered in the semilocal limit of
the model considered here, i.e., in the semilocal model extended with a scalar and another U(1)
gauge field in the dark sector. There, two cases have been considered, depending on whether
only the visible Higgs or both the visible and the dark scalar field obtain a vacuum expectation
value. Relevant to the dark matter model of Refs. [35, 36] is the latter case. In both cases it
has been found in Ref. [21] that the stabilising effect is significant, semilocal-dark strings may
exist for β significantly above unity.
The semilocal-dark strings of Ref. [21] in the case with no GKM may be considered embed-
dings of string solutions in non-symmetric extended Abelian Higgs models considered in Refs.
[57, 58]. Also, in the case, where only the visible sector scalar obtains a vacuum expectation
value, semilocal and semilocal-dark strings may coexist, and their stability is considered sep-
arately. The energy of semilocal-dark strings is lower, and they are stable for a larger set of
parameters.
0 1 2 3 4 5 6 7
r
0.0
0.2
0.4
0.6
0.8
1.0
1.2
fd(r)
f(r)
z(r)
x(r)
E(r)/(2pi)
Figure 1: Radial profile functions of an electroweak-dark string. The visible sector parameters
are set to their physical values, MZ = 80.4GeV, MW = 91.2GeV,MH = 125.1GeV, e = 0.3086,
the dark sector parameters are MS = 132.8GeV, gXS = 0.3086, and the scalar mixing angle
is θs = 0.51. The dark sector charge of the Higgs is gXφ+ = 0 (no GKM, ε = 0). For these
parameter values, x(r) = 0.
Here, we consider electroweak-dark strings, i.e., solutions within the Ansatz (16), (17) within
the full GSW model coupled to a dark sector containing an U(1) gauge field and a scalar. The
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resulting radial equations are given in Subsec. 2.1. The solutions are found using the shooting
to a fitting point method [62], and an example is displayed in Fig. 1. SM parameters are set to
physical values, and dark sector parameters are set to such values, that they are heavier than
their visible counterparts. In addition to the profile functions f , fd, z, and x, the energy within
a radius is shown. (For SM parameter values, see Ref. [40].)
3 Stability analysis
We analyse the stability of the electroweak-dark strings by linearising the field equations around
them. The linear perturbations added to the fields are denoted by
Ψ = (δAµ, δW
±
µ , δZµ, δXµ, δφa, δχ) . (20)
Since the string is electrically neutral, the electromagnetic field perturbations δAµ decouple
and satisfy a free wave equation, i.e., they play no role in the stability of the string. The string
possesses a global direction in internal space [φ1 = 0 in Eqs. (16), (17)], which results in further
decouplings. It turns out that there are four decoupled blocks:
(i) Ψi = (δAµ) ,
(ii) Ψii = (δW+µ , δφ1) ,
(iii) Ψiii = (δW−µ , δφ
∗
1) ,
(iv) Ψiv = (δZµ, δXµ, δφ2, δφ
∗
2, δχ, δχ
∗) ,
(21)
each block satisfying an equation of the form
DIΨI = 0 , I = i, . . . iv , (22)
where DI is a matrix with differential operators in the diagonal and coupling terms in the
remaining elements. Of the four blocks, (iii) is the conjugate of (ii) and, therefore, admits the
same (real) eigenvalues.
To ensure that the linearised equations (22) have properties suitable for our numerical solu-
tion procedure, we find that an appropriate gauge choice for the perturbations is the background
field gauge [63, 17], which is defined as
F1 = ∂µδW
µ+ − igW 3µδW µ+ −
ig√
2
φ∗2δφ1 = 0 ,
F2 = ∂µδW
µ− + igW 3µδW
µ− +
ig√
2
φ2δφ
∗
1 = 0 ,
F3 = ∂µδZ
µ + igZH(φ2δφ
∗
2 − φ∗2δφ2) + igZS(χδχ∗ − χ∗δχ) = 0 ,
F4 = ∂µδX
µ + igXH(φ2δφ
∗
2 − φ∗2δφ2) + igXS(χδχ∗ − χ∗δχ) = 0 .
(23)
Gauge conditions (23) are imposed by adding the gauge fixing terms
∑
i |Fi|2/2 to the second
order terms of the Lagrangian. In the fluctuation equations, they cancel the first order derivative
terms, and the time derivatives are readily isolated [63, 17]. (Note, that some gauge degrees of
freedom still remain, satisfying “ghost”-equations, which all have positive eigenvalues.)
We shall now follow the treatment of Refs. [63, 17, 64, 57, 58, 21] to bring the perturbation
equations to a form suitable for numerical solutions. For more details, as well as for the full set
of linearised equations, we refer to Appendix A.
Because of the time- and z-coordinate independence of the string solution, the corresponding
fluctuation equations of the gauge fields decouple further. The equations of the temporal and
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the z components of the gauge fields do not contribute to the instabilities (see Appendix A for
details).
This t, z-independence of the background solution can be further exploited by separating
harmonic components of the perturbations, i.e., assuming a time-dependence of the form ΨI =
exp[i(Ωt− kz)]ΦI , transforming Eq. (22) into
DIΦI = (Ω2 − k2)ΦI , (24)
where an eigenvalue Ω2 < 0 signals instability, and DI is a matrix of differential operators (the
spatial part of DI). The lowest eigenvalue corresponds to k = 0, therefore, in what follows, this
k = 0 is considered.
Because of the cylindrical symmetry of the string, Eq. (24) can be reduced to ordinary
differential equations by the Fourier transformation in the angular coordinate ϑ, reducing Eq.
(24) to
MIℓΦIℓ = Ω2ΦIℓ . (25)
The known instabilities of the electroweak strings are in the sector of the perturbations
consisting of the fields W+ and δφ1 (or equivalently W− and δφ∗1) [17, 2, 3]. The remaining
sectors are deformations of their counterparts in the case of ANO strings, and thus not expected
to contain further instabilities (as the corresponding blocks for the ANO string have large
positive eigenvalues).
In sector (ii) Ψii = (δW+µ , δφ1). The Fourier transformation singles out a mode of the form
δφ1 = s1,ℓ(r)e
iℓϑeiΩt ,
δW++ = iw+,ℓ(r)e
i(ℓ−1−n)ϑeiΩt ,
δW+− = −iw−,ℓ(r)ei(ℓ+1−n)ϑeiΩt ,
(26)
where δW±+ = exp(−iϑ)(δW±r − iδW±ϑ /r), δW±− = δW±+ ∗, i.e., Ψℓ = (s1,ℓ, w+,ℓ, w∗−,ℓ). The
matrix operator of Eq. (25) in this block is
Mℓ =

Dℓ,1 B1+,ℓ B1−,ℓB1+,ℓ D+,ℓ 0
B1−,ℓ 0 D−,ℓ

 , (27)
where
Dℓ,1 = −1
r
d
dr
r
d
dr
+
(
[n(gZφ+z+ gXφ+x)− ℓ]2
r2
+ β1(f
2 − 1) + β ′(f 2d − η22) +
g2
2
f 2
)
,
D+,ℓ = −1
r
d
dr
r
d
dr
+
(
[ℓ− 1− n(1 + g(α2z+ α3x))]2
r2
+
g2
2
f 2 − 2gn
r
(α2z
′ + α3x
′)
)
,
D−,ℓ = −1
r
d
dr
r
d
dr
+
(
[ℓ+ 1− n(1 + g(α2z+ α3x))]2
r2
+
g2
2
f 2 + 2
gn
r
(α2z
′ + α3x
′)
)
,
(28)
and
B1+,ℓ = −g
(
f ′ − nf
r
(1− gZHz− gXHx)
)
,
B1−,ℓ = g
(
f ′ +
nf
r
(1− gZHz− gXHx)
)
.
(29)
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The negative eigenvalue for the unit flux n = 1 string considered here is found in the ℓ = 0
sector.
In Eq. (27) in the semilocal limit, the components decouple, and for the scalar component,
the stability equation of semilocal strings is recovered. The dark sector affects the relevant
sector of the perturbation equations through the appearance of the field fd in the scalar, and x
in theW components, and through the deformation of the background solution in the functions
f and z.
The radial equations (25) have been solved with the shooting to a fitting point method [62],
as were the radial equations of the background vortex, Eq. (18). Our numerical methods were
found to be stable for MS ∼MH .
The details of the calculations in this section are relegated to Appendix A.1.
3.1 Domain of stability
As a validation of our code we have reproduced the domain of the stability of Z-strings in the
Salam-Weinberg model (electroweak strings) and compared it to the data of Ref. [17]. In our
model, ε = θs = 0 corresponds to the case of the electroweak strings (with the dark sector
decoupled).
Our method was as follows: we setMZ ,MW , and e to their physical values [40], and initially,
MH as well, and M2S = M
2
H
± 2000GeV2. Then we first lowered MH and MS keeping MS/MH
fixed, and then approached the semilocal limit, i.e., increased θW towards π/2 while keeping g¯,
gˆ, ε, and the scalar potential parameters fixed, until Ω2 = 0 was reached (i.e., as long as there
was a negative eigenvalue).
Our results for the case of no GKM are summarised in Table 1, with data from Ref. [17]
added for comparison1. There is an excellent agreement between our data, and that of Ref.
[17].
The stability of electroweak strings is restricted to β1 < 1 (i.e., a Higgs mass smaller than
the Z boson mass), and close to the semilocal limit, θW → π/2.
In Fig. 2, the effect of the Higgs portal coupling is shown. The motivation for this was the
results for semilocal-dark strings in Ref. [21]. We have found that the Higgs portal coupling
indeed has a stabilizing effect, however, in the experimentally undesirable parameter range,
when the dark scalar is lighter than the Higgs. In the MS > MH case, we actually found that
adding the dark sector lowers the (already negative) eigenvalue, and narrows the domain of
stability on, e.g., the MH/MZ – sin2 θW plane.
For an explanation, let us consider the potential for the perturbation function δφ1, which is
most relevant in the semilocal limit [see Eq. (28)],
U = β1(f
2 − 1) + β ′(f 2d − η22s)− gf 2/2 , (30)
and estimate its value at the origin. Here f(0) = 0, and we approximate the value of fd such
that it minimises the potential V of the theory when f = 0, with f 2d ≈ β ′/β2 + η22s, yielding
U ≈ −β1 + (β ′)2/β2. Expressing this with µ2S,H = M2S,H/(2g2ZHη21) yields
U(0) ≈ 2µ
2
H
[µ2
H
(1− cos 2θs)− µ2S]
µ2
S
(1 + cos 2θs)− µ2H(1− cos 2θs)
, (31)
1The data of Ref. [17] has been reconstructed from its Fig. 1, using the data points in the postscript version of
the figure in the arXiv.org version of the paper, hep-ph/9505357, and transforming back to physical quantities
from postscript coordinates, as the original data was not available any more.
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In the case of MH < MS, and θs close to π/2, this is a negative contribution.
It is found, that, quite remarkably, if the boundary curve of the domain of stability is plotted
on the
√
β1 – sin2 θW plane (Fig. 3), the curves for different values of MS/MH coincide. We
have verified this coincidence numerically for 0.93 ≤ MS/MH ≤ 1.06 and 0 < θs ≤ 0.75. The
differences between the value of
√
β1 corresponding to the onset of instability between the cases
considered is comparable to the numerical errors. The coincidence does not hold any more
for MS/MH = 0.7852 (closer to MS/MH = 0.5, where h → SS dark decays would contradict
measurements; see Fig. 4). Because of this coincidence, in what follows, when we consider the
effects of other parameters, and the Higgs and dark scalar masses are close enough, we shall
only plot one curve in this parametrisation.
An explanation for the coincidence of the curves in Fig. 3 is that the principal role in the
instability is played by W condensation. This is the case for electroweak strings (see Refs.
[16, 17] and Fig. 5). The dark sector part of the background can be considered a perturbation
for the allowed (small) values of the couplings between the visible and the dark sector. The
allowed value of ε is already rather small, and β2 appears directly in the equation for the upper
Higgs component, which is suppressed for θW < π/2: at the semilocal limit, s1(0)/w−(0) ≈ 3
(and w+(0) ≪ w−(0)), and at physical parameters s1(0)/w−(0) ≈ 0.8, which, in first order
perturbation theory, would account for a suppression of the dark sector effects by a factor of
∼ 0.07, which makes plausible both the coincidence of the curves in Fig. 3 and the suppression
of the stabilisation effect upon leaving the semilocal limit.
In Table 1, we have collected some numerical data for reproducibility, and, for comparison,
we have added the data points read off Fig. 1 of Ref. [17].
√
β1 sin
2 θW
Ref. [17] electroweak MS/MH = 0.9339 MS/MH = 1.0620
1 1.0 0.9996 0.9995 0.9996
0.9 0.9910 0.9933 0.9933 0.9933
0.8 0.9836 0.9850 0.9849 0.9849
0.7 0.9756 0.9758 0.9758 0.9758
0.6 0.9666 0.9664 0.9664 0.9664
0.5 0.9576 0.9568 0.9568 0.9568
0.4 0.9486 0.9472 0.9472 0.9472
Table 1: Some points on the boundary of the domain of stability; for comparison, we also show
data read off of Fig. 1 of Ref. [17]. The other parameters are ε = 0 and θs = 0.75 and 0
(electroweak), and g¯ = 0.7416, η1 = 173.4GeV (physical values), gˆ = 0.6172, η2 = 217.4GeV.
Another interaction, which is known to have a stabilising effect in the semilocal case is the
GKM (see Ref. [21], where it is shown to lower the energy of semilocal-dark strings). Fig. 6
shows the effect of the GKM on the domain of stability. We have found that at the semilocal
limit, the enhancement in the value of the quartic potential coefficient β1 corresponding to zero
eigenvalue (the upper edge of the domain of stability) is significant for a large GKM; however,
this is rapidly reduced by tuning θW away from π/2. Also, experimental bounds do not allow
the GKM to be large unless the dark gauge boson is heavy. For values of ε consistent with
experiment (Fig. 6 is for a value of ε that is already at the limit), GKM results merely in an
O(ε2) correction.
In Fig. 7, the effect of the mass of the dark gauge boson is shown. The sensitivity to the
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Figure 2: The boundary of the domain of stability, for ε = 0, g¯ = 0.7416, gˆ = 0.6172,
η1 = 173.4GeV, η2 = 217.4GeV, and θs = 0.75 compared to that of electroweak strings
(θs = 0). The domain of stability is as indicated on the figure.
dark gauge boson mass is in contrast to the insensitivity in the case of stabilisation by the
scalar potential (i.e., no GKM, Fig. 8).
In Fig. 9, the combined effect of the GKM ε and the scalar mixing (for both the dark
scalar lighter than the Higgs, and slightly heavier) is considered. The stabilising effect is still
restricted close to the semilocal limit.
3.2 The behaviour of the eigenvalue
In order to assess the significance of the parameters, we have chosen a typical point, MW =
80.4GeV, MZ = 91.2GeV, e = 0.3086, MH = 125.1GeV (physical values), MX = 94.87GeV,
MS = 132.8GeV, gXφ+ = 0, gXS = 0.3086 and θs = 0.75, and obtained the derivatives of the
eigenvalue with respect to the parameters. These are collected in Table 2. We have concluded,
that the parameters with the largest influence are MS and θs.
We have next varied MS > MH (so that dark Higgs decays do not exclude the considered
parameter values) and θs, in the range M2H ≤M2S ≤ 2M2H and 0 ≤ θs ≤ 1.5. We have found no
stable solutions. The eigenvalue seems to depend most strongly on the parameters M2
S
and θs.
In Fig. 10 we present numerical data of the eigenvalue Ω2 as a function of the two parameters
that seem most relevant (i.e., they parametrise the scalar sector most directly),MS and θs. Note,
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that the eigenvalue is always negative (signalling instability), and becomes more negative with
larger values of the dark scalar mass MS.
In Fig. 11 a typical Ω2 – MS curve is shown for MZ , MW , e and MH physical, MX =
94.868GeV, and gXS = e = 0.3086, θs = 0.75, gXφ+ = −0.002, and −0.032. The eigenvalues
are clearly negative and descending as a function of MS. Similarly, Fig. 12 shows a typical
Ω2 – θs curve in the parameter range studied. The curves in Fig. 11 and in Fig. 12 are cross
sections of the surfaces in Fig. 10. In Fig. 12, we have added an additional curve for MS < MH .
One interesting feature of Fig. 12 is that the eigenvalue has a minimum for MS > MH (and
maximum for MS < MH) at θs = 0 (and thus also for β ′ = 0, λ′ = 0), i.e., for small values of
the GKM its sign is not important.
The data indicate clearly that in the physically relevant parameter range where the dark
gauge boson mass is MX & MZ , the scalar mass is MH/2 < MS < MH , the scalar mixing
angle is |θs| . 1, and the dark charge is gXS ∼ e, no stable solutions exist. In this parameter
range, we have found, that a larger dark scalar mass corresponds to stronger instability. On
the other hand, for MS < MH , the addition of the dark sector (non-zero scalar mixing angle θs,
and, similarly, GKM ε) results in stability properties of electroweak strings (although still not
reaching the physical parameter values) that are significantly better.
The fact that the stabilising effects are rather strong in the semilocal limit, and much weaker
for smaller values of the Weinberg angle, is explained by the nature of the instability. In the
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Figure 3: Same as Fig. 2, parametrised with
√
β1 and sin2 θW.
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semilocal model, the instability is due to the possibility of unwinding in the scalar (Φ) sector
[19, 20]; however, in the full non-Abelian theory, the instability also involves the condensation
of W bosons in the string core [14, 15, 16, 17] (see also Fig. 5). In the present model, the dark
sector only couples to the Higgs scalar and the weak hypercharge U(1) fields, and the dark
part of the background vortex does not influence the W fields other than slightly distorting the
visible sector part of the background.
4 Summary and outlook
In this paper, we have presented a study of electroweak-dark strings, complementing those of
dark strings in Higgs portal models[43, 44, 45, 46, 49, 50]. We have demonstrated the main
properties of the equations describing these strings, and their numerical solutions. We have
shown that these strings exists at the well-known scale of electroweak strings, in contrast to
the unknown scale of dark strings.
We have also examined the stability of the electroweak-dark strings. Close to the semilocal
limit, we have demonstrated that the stabilising effect of the dark sector found in the semilocal
case in Ref. [21], persists in the electroweak-dark case, i.e., the stability of electroweak strings
is enhanced to MH/MZ > 1; however, this happens for values of the parameters of the model
excluded by experimental bounds: for large gauge-kinetic mixing ε with the light dark sector
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Figure 4: Same as Fig. 3, with a lighter dark scalar.
15
0 1 2 3 4 5 6
r
0.0
0.2
0.4
0.6
0.8
1.0
1.2
s(r)
w+(r)
w
−
(r)
(a)
0 1 2 3 4 5 6
r
0.0
0.2
0.4
0.6
0.8
1.0 s(r)
w+(r)
w
−
(r)
(b)
Figure 5: The W and φ1 profile functions [w±(r) and s(r), respectively] of the unstable eigen-
function (a) for physical parameters and (b) close to the semilocal limit. In both cases, θs = 0,
gXφ+ = 0, MX = 94.87GeV, MS = 132.8GeV.
Parameter Derivative
gXφ+ 0 (parabolic maximum)
MX −9.02 · 10−8GeV−1
gXS 2.77 · 10−5
MS −5.57 · 10−3GeV−1
θs −9.87 · 10−2
Table 2: Derivatives of the eigenvalue of the stability equation (25) with respect to model
parameters at MW = 80.4GeV, MZ = 91.2GeV, e = 0.3086, MH = 125.1GeV (physical
values), MX = 94.87GeV, MS = 132.8GeV, gXφ+ = 0, gXS = 0.3086 and θs = 0.75. Note that
−Ω2 is the squared growth rate corresponding to rescaled time, or, equivalently, |gZHη1Ω| is a
growth rate in unscaled time. Here |gZH|η1 = 64.49GeV.
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Abelian gauge boson (MX .MZ) or large scalar mixing (Higgs portal coupling) and light dark
scalar MS < MH . For MS > MH , we have considered the parameter range experimentally
allowed and found instabilities. Complemented with the fact that in the limit MS → ∞,
the instabilities in the electroweak case are recovered, one can conclude that in the model
considered, there is no stabilisation due to the interaction with dark sector fields.
The properties of the eigenfunction of the linearised equation corresponding to the instability
sheds light on the reasons why the stabilising effects do not persist to lower values of the
Weinberg angle. For those values, the components corresponding to the W fields are large,
the mechanism of the instability is W condensation, and the couplings considered here affect
primarily the Higgs and the Z fields.
In future studies, the analysis may be supplemented by considering fermionic fields. In the
electroweak case, the topological consequences of fermionic zero modes have been considered in
Refs. [26, 27, 28, 29, 30], suggesting that an interplay of fermionic modes and the deformations
corresponding to the unstable modes results in new, stable electroweak strings. The effect
of the Dirac sea has also been considered for electroweak strings; Ref. [65] finds instabilities
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gXφ+ = −0.0309
gXφ+ = −0.0619
Figure 6: The effect of gauge kinetic mixing on vortex stability. The starting parameters (MW ,
MZ , e, MH physical and gXS = e, M2S = M
2
H
+ 2000GeV2, θs = 0, MX = 94.87GeV and
gXφ+ = −0.001 and -0.0619) yield the parameters g¯ = 0.7416, gˆ = 0.6172, ε = 7.37 · 10−5,
η1 = 173.9GeV, η2 = 217.4GeV and g¯ = 0.7362, gˆ = 0.6406, ε = 0.0446, η1 = 175.7GeV,
η2 = 208.6GeV.
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Figure 7: The effect of different dark gauge boson masses on the stability in the case of large
GKM. The starting parameters are MW , MZ , e, MH physical, M2S = M
2
H
+ 2000GeV2, θs = 0,
and gXφ+ = 0 (electroweak), respectively, gXφ+ = −0.052 and different values of MX .
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Figure 8: The effect of the dark gauge boson mass in the case of no GKM, gXφ+ = 0. The
starting parameters areMW ,MZ, e, MH physical, M2S = M
2
H
+2000GeV2, θs = 0, and gXφ+ = 0.
due to light fields, which may be stabilised by filled fermionic states, whereas Refs. [31, 32]
find stabilisation due to heavy fermions. Another line of research may be the consideration of
models with couplings to the W fields. It should be emphasised, however, that LEP electroweak
measurements put stringent bounds on not-too-heavy fields coupled to the electroweak model.
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A Details of the calculations
To obtain the solutions and assess their stability, we start with the field equations derived from
the gauge and scalar Lagrangians (8) and (2),
DµD
µΦ = −2λ1(Φ†Φ− η21)Φ− λ′(χ∗χ− η22)Φ ,
D˜µD˜
µχ = −2λ2(χ∗χ− η22)χ− λ′(Φ†Φ− η21)χ ,
∂µF
µν = Jνel + J
ν
el,g − gα1∂µ(W µ1W ν2 −W ν1W µ2) ,
∂µZ
µν = Jν
Z
+ Jν
Z,g − gα2∂µ(W µ1W ν2 −W ν1W µ2) ,
∂µX
µν = Jν
X
+ Jν
X,g − gα3∂µ(W µ1W ν2 −W ν1W µ2) ,
∂µW
µνa = Jνa
W
+ Jνa
W ,g ,
(32)
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Figure 9: The combined effects of the GKM and the scalar mixing; parameters as in Fig. 6,
gXφ+ = 0.0619
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where W µνa = W˜ µνa+gεab(W µbW ν3−W νbW µ3), εab is antisymmetric and ε12 = 1, the Abelian
currents are given by
Jνel = igAφ1((D
νΦ)†1φ1 − φ∗1(DνΦ)1) ,
Jνel,g = gα1W˜
µν1W 2µ − gα1W˜ µν2W 1µ + g2α1W aµW µaW ν3 − g2α1W 3µW µaW νa ,
Jν
Z
= igZφa((D
νΦ)†aφa − φ∗a(DνΦ)a) + igZS((D˜νχ)∗χ− χ∗(D˜νχ)) ,
Jν
Z,g = gα2W˜
µν1W 2µ − gα2W˜ µν2W 1µ + g2α2W aµW µaW ν3 − g2α2W 3µW µaW νa ,
Jν
X
= igXφa((D
νΦ)†aφa − φ∗a(DνΦ)a) + igXS((D˜νχ)∗χ− χ∗(D˜νχ)) ,
Jν
X,g = gα3W˜
µν1W 2µ − gα3W˜ µν2W 1µ + g2α3W aµW µaW ν3 − g2α3W 3µW µaW νa ,
(33)
and the non-Abelian one as
Jνa
W
=
ig
2
(DνΦ†τaΦ− Φ†τaDνΦ) ,
Jνa
W ,g = −gW˜ µν3εabW bµ − gεabW˜ µνbW 3µ
− g2W bµW µbW νa + g2W 3µW µ3W νa − g2W bµW νbW µa − g2W 3νW 3µW µa ,
(34)
where τa denote the Pauli matrices. In Eqs. (33) and (34), a = 1, 2, and the notation gZH = gXφ2 ,
gXH = gXφ2, gZφ+ = gXφ1, and gXφ+ = gXφ1 is used (see Ref. [44]).
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Figure 10: The eigenvalue of the stability equation (25) as a function of MS and θs, at MZ ,
MW , e and MH physical, MX = 94.87GeV, and gXS = e = 0.3086, gXφ+ = −0.002 and −0.032.
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Figure 11: Typical Ω2–MS curves at MZ , MW , e and MH physical, MX = 94.868GeV, and
gXS = e = 0.3086, θs = 0.75, gXφ+ = −0.002, and −0.032.
A.1 Linearised equations
Let us add perturbations to the vortex solution, Aµ → δAµ, W aµ → δW aµ , Zµ → Zµ + δZµ,
Xµ → Xµ + δXµ, φa → φa + δφa and χ→ χ+ δχ. In the analysis of vortex perturbations, we
follow the lines of Refs. [63, 17]; see also Refs. [64, 21, 66, 67].
To obtain simple linear equations, a gauge choice is of utmost importance. In the Abelian
sector, we shall use the background field gauge of Refs. [68, 63], whereas for the non-Abelian
gauge fields, we prescribe the background field gauge used in Ref. [17]. This gauge choice,
shown in Eq. (23), cancels linear first order derivatives of the gauge field perturbations, and in
this way makes the separation of time derivatives possible. Note, that F2 = F ∗1 .
Let Ψ = (δAµ, δW+µ , δW
−
µ , δZµ, δXµ, δφa, δφ
∗
a, δχ, δχ
∗) denote the components of the linear
perturbations added to the fields.
Because of the background solution possessing a global direction in internal space (i.e.,
φ1 = 0) in the gauge used for the Ansatz (16), (17), the equations separate into decoupled
blocks: (i) Aµ, (ii) δW+µ and δφ1, (iii) δW
−
µ and δφ
∗
1, and (iv) δZµ, δXµ, δφ2, δφ
∗
2, δχ, and δχ
∗,
in each block satisfying an equation of the form
DIΨI = 0 , I = i, . . . , iv , (35)
where DI is a matrix with differential operators in the diagonal and coupling terms in the
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Figure 12: A typical Ω2–θs curves at MZ , MW , e and MH physical, MX = 94.868GeV, and
gXS = e = 0.3086, θs = 0.75, gXφ+ = −0.002 and −0.032.
remaining elements.
The field Aµ is completely decoupled, Ψiµ = δAµ, and
Di =  , (36)
diagonal in the Lorentz index. As the electromagnetic field is decoupled, it does not influence
the stability of the string. In what follows, it is not considered further.
In block (ii), the fields are Ψii = (δW+µ , δφ1) (i.e., Ψ
ii contains all Lorentz vector components
of the δW+ field and the upper scalar perturbations δφ1), and the operator acting on it is
Dii =
(Dii,µ1,1,ν Dii1,2,ν
Dii,µ2,1 Dii2,2
)
, (37)
with the matrix elements
Dii,µ1,1,ν =
[
+ g2
(
1
2
φ∗2φ2 −W 3ρW ρ3
)
− ig∂ρW ρ3 − 2igW ρ3∂ρ
]
δµν + 2igW˜
3
ν
µ ,
Dii1,2,ν = −2igDνφ2 ,
Dii,µ2,1 = −
√
2igDµφ2 ,
Dii2,2 = (∂ρ − igZφ+Zρ − igXφ+Xρ)2 + β1(|φ2|2 − 1) + β ′(|χ|2 − η22) +
g2
2
|φ2|2 .
(38)
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This is the block that is known to yield the negative eigenvalues corresponding to instabilities
in the case of the electroweak string. Block (iii) is merely the complex conjugate of block (ii).
In block (iv), Ψiv = (δZµ, δXµ, δφ2, δφ∗2, δχ, δχ
∗), and the operator acting on it is
Div =


Div,µ1,1,ν Div,µ1,2,ν Div1,3,ν Div1,4,ν Div1,5,ν Div1,6,ν
Div,µ2,1,ν Div,µ2,2,ν Div2,3,ν Div2,4,ν Div2,5,ν Div2,6,ν
Div,µ3,1 Div,µ3,2 Div3,3 Div3,4 Div3,5 Div3,6
Div,µ4,1 Div,µ4,2 Div4,3 Div4,4 Div4,5 Div4,6
Div,µ5,1 Div,µ5,2 Div5,3 Div5,4 Div5,5 Div5,6
Div,µ6,1 Div,µ6,2 Div6,3 Div6,4 Div6,5 Div6,6


, (39)
with the matrix elements
Div,µ1,1,ν =
[
+ 2(g2
ZH
φ∗2φ2 + g
2
ZS
χ∗χ)
]
δµν ,
Div,µ1,2,ν = Div,µ2,1,ν = 2(gXH|φ2|2 + gZSgXS|χ|2)δµν ,
Div1,3,ν = Div∗1,4,ν = −2igZH(Dνφ2)∗ ,
Div1,5,ν = Div∗1,6,ν = −2igZS(D˜νχ)∗ ,
Div,µ2,2,ν =
[
+ 2(g2
XH
φ∗2φ2 + g
2
XS
χ∗χ)
]
δµν ,
Div2,3,ν = Div∗2,4,ν = −2igXH(Dνφ2)∗ ,
Div2,5,ν = Div∗2,6,ν = −2igXS(D˜νχ)∗ ,
Div,µ3,1 = Div,µ∗4,1 = 2igZHDµφ2 ,
Div,µ3,2 = Div,µ∗4,2 = 2igXHDµφ2 ,
Div3,4 = Div∗4,3 = (β1 − g2ZH − g2XH)φ22 ,
Div4,4 = Div∗3,3 ,
Div,µ5,1 = Div,µ∗6,1 = −2igZSD˜µχ ,
Div,µ5,2 = Div,µ∗6,2 = −2igXSD˜µχ ,
Div6,6 = Div∗5,5 ,
(40)
and
Div3,3 = (∂µ − igZHZµ − igXHXµ)2 + β1(2|φ2|2 − 1) + β ′(|χ|2 − η22) + (g2ZH + g2XH)|φ2|2 ,
Div3,5 = Div5,3 = Div∗4,6 = Div∗6,4 = (β ′ + gZHgZS + gXHgXS)φ2χ∗ ,
Div3,6 = Div6,3 = Div∗4,5 = Div∗5,4 = (β ′ − gZHgZS − gXHgXS)φ2χ∗ ,
Div5,5 = (∂ρ − igZSZρ − igXSXρ)2 + β2(2|χ|2 − η22) + β ′(|φ2|2 − 1) + (g2ZS + g2XS)|χ|2 .
(41)
Note that in Eq. (41), in the first bracketed term of Div4,4 the square represents a contraction
over the index ρ.
In order to bring Eq. (35) to a form tractable numerically, we shall consider the Fourier
transform in the coordinated z and t, and note that Fourier components are decoupled, apart
from ones corresponding to k and −k, Ω, and −Ω,
Ψ(xi, z, t) = Φ(x,Ω, k) exp[i(Ωt− kz)] , (42)
where i = 1, 2, and the components of the Fourier transformed field are Φ(x,Ω, k) = (δA˜µ,
δW˜+µ ,δW˜
−
µ , δZ˜µ, δX˜µ, δφ˜a, δφ˜
∗
a, δχ˜, δχ˜
∗), depending on the variables (r, ϑ,Ω, k).
We also apply a partial wave decomposition in the angular coordinate ϑ to the components
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of Φ(x,Ω, k),
δφ˜1 = e
iℓϑs1,ℓ(r) ,
δφ˜2 = e
i(n+ℓ)ϑs2,ℓ(r) ,
δχ˜ = eiℓϑs3,ℓ(r) ,
δZ˜+ = e
i(ℓ−1)ϑizℓ(r) ,
δX˜+ = e
i(ℓ−1)ϑixℓ(r) ,
δW˜±+ = e
i(ℓ−1∓n)ϑiw±,ℓ(r) ,
δZ˜3,4 = e
iℓϑz3,4,ℓ(r) ,
δW˜+3,4 = e
iℓϑw3,4,ℓ(r) ,
δφ˜∗1 = e
iℓϑs∗1,−ℓ(r) ,
δφ˜∗2 = e
−i(n−ℓ)ϑs∗2,−ℓ(r) ,
δχ˜∗ = eiℓϑs∗3,−ℓ(r) ,
δZ˜− = e
i(ℓ+1)ϑ(−i)z∗−ℓ(r) ,
δX˜− = e
i(ℓ+1)ϑ(−i)x∗−ℓ(r) ,
δW˜±− = e
i(ℓ+1∓n)ϑ(−i)w∗±,−ℓ(r) ,
δX˜3,4 = e
iℓϑx3,4,ℓ(r) ,
δW˜−3,4 = e
iℓϑw∗3,4,−ℓ(r) ,
(43)
where δZ˜+ = exp(−iϑ)(δZ˜r− iδZ˜ϑ/r), and analogously for the other gauge fields. On the radial
functions, the variables Ω and k have been suppressed. In all equations these appear as Ω2−k2,
and therefore, the lowest eigenvalue corresponds to k = 0; for this reason, k is dropped in what
follows.
In addition to the block structure of the time-dependent linearised equations (35), there is a
further decoupling due to the time- and z-independence of the background solution (16), (17),
resulting in a further decoupling of the z and t (0 and 3) components of the vector fields. The
following blocks decouple and can be solved separately: (i) δAi (i = 1, 2); (ii) δW±, δφ1; (iii)
δW±∗, δφ∗1 [conjugate of (iii)]; (iv) δZi, δXi, δφ2, δφ
∗
2 δχ, δχ
∗; (v) δA3; (vi) δA0; (vii) δZ3, δX3;
(viii) δZ0, δX0; (ix) W
±
3 ; and (x) W
±
0 .
Eigenvectors and eigenvalues in each block can be considered separately; therefore, we shall
write the radial equations in block I = i, . . . , x separately, in the form
MIℓΦIℓ = Ω2ΦIℓ , (44)
with the block containing the known instabilities of electroweak strings consisting of Φiiℓ =
(s1,ℓ, w
+
+,ℓ, w
+
−,ℓ). In this sector, the radial equations (27) are obtained, with the index I = ii
dropped, and this block is considered in detail in Sec. 3, where its numerical solution is also
discussed. Block (iii) contains the same equations for the complex conjugates s∗1,−ℓ, w
−∗
−,−ℓ,
w−∗+,−ℓ, with the replacement ℓ→ −ℓ, as block (ii).
Of the remaining blocks, (i), (v), and (vi) merely contain the radial Laplacian. Block (iv)
contains a deformation of the eigenvalue problem of the ANO string (or equivalently, that of
the semilocal-dark string [21]), and possesses only positive eigenvalues: Φivℓ = (s2,ℓ, s
∗
2,−ℓ, s3,ℓ,
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s∗3,−ℓ, zℓ, z
∗
−ℓ, xℓ, x
∗
−ℓ), and the elements of the corresponding operator Mivℓ are
Mivℓ,1,1 = −
d2
dr2
− 1
r
d
dr
+
[
[ℓ + n(1− z− gXHx)]2
r2
+ β1(2f
2 − 1) + β ′(f 2d − η22) + (1 + g2XH)f 2
]
,
Mivℓ,3,3 = −
d2
dr2
− 1
r
d
dr
+
[
[ℓ− n(gZSz+ gXSx)]2
r2
+ β2(2f
2
d − η22) + β ′(f 2 − 1) + (g2ZS + g2XS)f 2d
]
,
Mivℓ,5,5 = −
d2
dr2
− 1
r
d
dr
+
[
(ℓ− 1)2
r2
+ 2(f 2 + g2
ZS
f 2d )
]
,
Mivℓ,7,7 = −
d2
dr2
− 1
r
d
dr
+
[
(ℓ− 1)2
r2
+ 2(g2
XH
f 2 + g2
XS
f 2d )
]
,
(45)
and
Mivℓ,2,2 =Miv−ℓ,1,1 ,
Mivℓ,6,6 =Miv−ℓ,5,5 ,
Mivℓ,4,4 =Miv−ℓ,3,3 ,
Mivℓ,8,8 =Miv−ℓ,7,7 ,
(46)
with the couplings
Mivℓ,1,2 =Mivℓ,2,1 = (β1 − 1− g2XH)f 2 ,
Mivℓ,1,3 =Mivℓ,3,1 =Mivℓ,2,4 =Mivℓ,4,2 = (β ′ + gZS + gXHgXS)ffd ,
Mivℓ,1,4 =Mivℓ,4,1 =Mivℓ,2,3 =Mivℓ,3,2 = (β ′ − gZS − gXHgXS)ffd ,
Mivℓ,1,5 =Mivℓ,5,1 =Mivℓ,2,6 =Mivℓ,6,2 = −
√
2
(
f ′ − nf
r
(1− z− gXHx)
)
,
Mivℓ,1,6 =Mivℓ,6,1 =Mivℓ,2,5 =Mivℓ,5,2 =
√
2
(
f ′ +
nf
r
(1− z− gXHx)
)
,
Mivℓ,1,7 =Mivℓ,7,1 =Mivℓ,2,8 =Mivℓ,8,2 = gXSMivℓ,1,5 ,
Mivℓ,1,8 =Mivℓ,8,1 =Mivℓ,2,7 =Mivℓ,7,1 = gXSMivℓ,1,6 ,
Mivℓ,3,4 =Mivℓ,4,3 = (β2 − g2ZS − g2XS)f 2d ,
Mivℓ,3,5 =Mivℓ,5,3 =Mivℓ,4,6 =Mivℓ,6,4 = −
√
2
(
f ′d +
nfd
r
(gXSz+ gXSx)
)
gZS ,
Mivℓ,3,6 =Mivℓ,6,3 =Mivℓ,4,5 =Mivℓ,5,4 =
√
2
(
f ′d −
nfd
r
(gXSz+ gXSx)
)
gZS ,
Mivℓ,3,7 =Mivℓ,7,3 =Mivℓ,4,8 =Mivℓ,8,4 = −
√
2
(
f ′d +
nfd
r
(gXSz+ gXSx)
)
gXS ,
Mivℓ,3,8 =Mivℓ,8,3 =Mivℓ,4,7 =Mivℓ,7,4 =
√
2
(
f ′d −
nfd
r
(gXSz+ gXSx)
)
gXS ,
Mivℓ,5,7 =Mivℓ,7,5 =Mivℓ,6,8 =Mivℓ,8,6 = 2(gXHf 2 + gZSgXSf 2d ) .
(47)
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The equations in blocks (vii) and (viii) are identical. Let now Φviiℓ = (z3ℓ, x3ℓ), and
Mviiℓ,1,1 = −
d2
dr2
− 1
r
d
dr
+
[
ℓ2
r2
+ 2f 2 + 2g2
ZS
f 2d )
]
,
Mviiℓ,2,2 = −
d2
dr2
− 1
r
d
dr
+
[
ℓ2
r2
+ 2g2
XH
f 2 + 2g2
XS
f 2d )
]
,
Mviiℓ,1,2 =Mviiℓ,2,1 = 2(gXHf 2 + gZSgXSf 2d ) .
(48)
In block (ix), w3,ℓ and w∗3,−ℓ decouple, the equation for the former is
− 1
r
(rw′3,ℓ)
′ +
[
[ℓ− gn(α2z+ α3x)2]
r2
+
g
2
f 2
]
w3,ℓ = Ω
2w3,ℓ , (49)
and the equation for w∗3,−ℓ is obtained by the replacement ℓ→ −ℓ, w3,ℓ → w3,−ℓ.
The remaining gauge freedom is characterised by ghost equations: an infinitesimal gauge
transformation substituted into Eq. (35). The general form of an infinitesimal gauge transfor-
mation is
δφ1 = i(gZφ+ξZ + gXφ+ξX)φ1 +
ig
2
ξ+φ2 ,
δφ2 = i(ξZ + gXHξX)φ2 +
ig
2
ξ−φ1 ,
δχ = i(gZSξZ + gXSξX)χ ,
δZµ = ∂µξZ ,
δXµ = ∂µξX ,
δW+µ = ∂µξ
+ − igW 3µξ+ ,
δW−µ = ∂µξ
− + igW 3µξ
− ,
(50)
where the functions ξZ, ξX , and ξ± are generators of the infinitesimal gauge transformations.
The radial ghost equations for the Fourier coefficients of these functions are as follows:
−1
r
(rξ′
Zℓ)
′ +
[
ℓ2
r2
+ 2(f 2 + g2
ZS
f 2d )
]
ξZℓ + 2(gXHf
2 + gZSgXSf
2
d )ξXℓ = Ω
2ξZℓ ,
−1
r
(rξ′
Xℓ)
′ +
[
ℓ2
r2
+ 2(g2
XH
f 2 + g2
XS
f 2d )
]
ξXℓ + 2(gXHf
2 + gZSgXSf
2
d )ξZℓ = Ω
2ξXℓ ,
−1
r
(rξ+ℓ
′
)′ +
[
[ℓ− ng(α2z+ α3x)]2
r2
+
g
2
f 2
]
ξ+ℓ = Ω
2ξ+ℓ ,
−1
r
(rξ−ℓ
′
)′ +
[
[ℓ+ ng(α2z+ α3x)]
2
r2
+
g
2
f 2
]
ξ−ℓ = Ω
2ξ−ℓ ,
(51)
which are all deformations of the ghost equation for ANO, semilocal, or semilocal-dark vortex
ghost equations, which all have relatively large positive eigenvalues [63, 57, 58, 21], therefore,
they are not required for stability analysis.
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